An upright circular cylindrical rigid tank performs a small-magnitude prescribed periodic horizontal motion, which is described by the two generalized coordinates 0 1 ( ) r t η and 0 2 ( ) r t η ( 0 r is the tank radius) as shown in fig. 1 . Those tank motions are relevant for bioreactors [1] . In contrast to industrial containers whose dimensions are relatively large, the bioreactors have 0 5 10 r ≈ − [cm] that requires accounting for the damping associated with a laminar boundary layer and the bulk viscosity.
An upright circular cylindrical rigid tank performs a small-magnitude prescribed periodic horizontal motion, which is described by the two generalized coordinates 0 1 ( ) r t η and 0 2 ( ) r t η ( 0 r is the tank radius) as shown in fig. 1 . Those tank motions are relevant for bioreactors [1] . In contrast to industrial containers whose dimensions are relatively large, the bioreactors have 0 5 10 r ≈ − [cm] that requires accounting for the damping associated with a laminar boundary layer and the bulk viscosity.
The problem is studied in the nondimensional statement provided by the characteristic size 0 r and time 1/ σ, where σ is the forcing frequency close to the lowest natural sloshing frequency 11 σ . The nondimensional forcing magnitude is small, i.e. ( ) ( ), 1, 2 i t O i η = ε = . Fig. 1 illustrates the adopted nomenclature. The unknowns, ς and Φ (the velocity potential), are defined in the tank-fixed coordinate system and can be found from either the corresponding free-surface problem or its equivalent variational formulation. Using the Fourier-type representation (in  the cylindrical coordinates) , ,
makes it possible to derive an approximate system of ordinary differential equations (nonlinear modal equations [2] ) with respect to the free-surface generalized coordinates ( ) [3] , which provides a rather accurate theoretical prediction of the logarithmic decrements of the natural sloshing modes due to the boundary layer and the bulk viscosity. The 2π-periodic solutions of the modified modal system describe the resonant steady-state sloshing. To find the asymptotic steady-state solutions, we use the Bubnov-Galerkin procedure [2, 4] by posing the lowest-order components of the primary resonantly excited modes as
where the nondimensional amplitudes a , a , b , and b are of
. Having known these amplitudes approximates the steady-state free-surface elevations as the superposition of the two out-of-phase angular modes
which implies the so-called swirling (angular progressive wave) unless ( cos sin )
The latter means that (3) determines a standing wave. Occurrence of swirling and standing waves was in many details discussed in [2, [4] [5] [6] .
The Bubnov-Galerkin procedure leads to a necessary solvability condition with respect of a , a , b , and b appearing as a system of nonlinear algebraic equations [2, 4, 5] . To describe the steady-state sloshing, we should solve the system for any 11 11 / σ = σ σ close to 1. The first Lyapunov method can be used to study the stability. The algebraic system is rederived in terms of the integral amplitudes A, B (the main wave elevation components in the Ox and Oy directions, respectively) and the phase-lags , ψ ϕ : ε > ε = ξ = was analyzed in [2, 4] . A planar standing wave and the swirling are identified. In terms of (4) and (5) There is no stable steady-state sloshing between E 1 and E 2 , where irregular (chaotic) waves are expected. Curves on (close to) the (σ/σ 11 , A)-plane correspond to the (almost) planar wave regime at 2 E and , P which can be treated as bifurcation points, where the swirling emerges from the (almost) planar steady-state wave regime.
In [5] , we showed that any orbital small-magnitude periodic tank motions are equivalent, to within the higher-order terms, to an artificial elliptic-type horizontal excitation with ,
. How the response curves of the damped steady-state sloshing change with increasing δ is shown in Fig. 3 . When 0 δ ≠ , all the steady-state sloshing regimes are of the swirling type. Specifically, there are no identical swirling waves with opposite directions, as it has been in the PH H E in Fig. 2 , b implies the pair of these waves). The connected branching in Fig. 2, b R whose points imply the counter-directed swirling. Fig. 3 shows that the latter branch disappears, as δ increases. This is a very interesting fact, which contradicts the steady-state analysis of the undamped sloshing in [2] , where both the co-and counter-directed angular progressive waves exist and can be stable in certain frequency ranges for any 0 1 < δ . In summary, the linear viscous damping matters for the orbitally-excited sloshing in bioreactors of an upright circular cylindrical shape. It affects qualitatively and quantitatively the steady-state sloshing and the corresponding response curves. The most interesting fact is that the damping, even being relatively small, makes the counter-directed angular progressive waves (swirling) impossible, as the forcing orbit tends to a circle. This fact contradicts the the undamped steady-state analysis, but it is qualitatively consistent with model tests by M. Reclari in [1] .
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